2.2 Limits

2.2.1 Limit of a Function

Let y = f(x) be a function of x. If at x = a, f(x) takes indeterminate form, then we consider the values of

the function which are very near to ‘a’. If these values tend to a definite unique number as x tends to ‘a’, then
the unique number so obtained is called the limit of f(x) at x =a and we write it as lim f(x).
X—a

(1) Meaning of ‘x — a’: Let x be a variable and a be the constant. If x assumes values nearer and nearer
to ‘a’ then we say 'x tends to @’ and we write 'x — a'. It should be noted that as x — a, we have x #a. By 'x
tends to a' we mean that

(1) x=za (ii) x assumes values nearer and nearer to ‘a’ and

(iii) We are not specifying any manner in which x should approach to ‘a’. x may approach to a from left or
right as shown in figure.

a X
* .

X a
® e
—— —

(2) Left hand and right hand limit : Consider the values of the functions at the points which are very
near to a on the left of a. If these values tend to a definite unique number as x tends to a, then the unique

number so obtained is called left-hand limit of f(x) at x = a and symbolically we write it as
f@-0)= lim f(x)=rl1im0 f@a—h)

Similarly we can define right-hand limit of f(x) at x =a which is expressed as f(a+0)= lim f(x)
x—a*
= I!|_>m0 f(a+ h).

(3) Method for finding L.H.L. and R.H.L.

(i) For finding right hand limit (R.H.L.) of the function, we write x + h in place of x, while for left hand
limit (L.H.L.) we write x — h in place of x.

(ii) Then we replace x by ‘a’ in the function so obtained.
(iii) Lastly we find limit h — 0.

(4) Existence of limit : lim f(x) exists when,
X—a

() lim f(x) and lim f(x) existi.e. L.H.L. and R.H.L. both exists.

X—a X—a

Gi) lim f(x)= lim f(x) ie. LH.L.= RHL.

. 0 .. .
|Nol¢ :0 1If a function f(x) takes the form 0 or 2 at x=a , then we say that f(x) is indeterminate or
o0
meaningless at X = a. Other indeterminate forms are o —oo,00x 00,0 x00, 1%,0°, 0°

O Inshort, we write L.H.L. for left hand limit and R.H.L. for right hand limit.

Get More Learning Materials Here : & m &N www.studentbro.in



70 Functions, Limits, Continuity and

exist.

O Itis not necessary that if the value of a function at some point exists then its limit at that point must

(5) Sandwich theorem : If f(x), g(x) and h(x) are any three functions such that, f(x) < g(x) <h(x) Vx e

neighborhood of x =a and lim f(x) = lim h(x) =1(say), then lim g(x)=1. This theorem is normally applied when

the lim g(x) can't be obtained by using conventional methods as function f(x) and h(x) can be easily found.

Example: 1

Solution: (d)

Example: 2

Solution: (¢)

Example: 3

Solution: (¢)

Example: 4

Solution: (d)

Example: 5

Get More Learning Materials Here: &

X, when x >1
x2, when x <1

If f(x):{ , then Iim1 f(x)=

(a) x2

Tofind LH.L.at X =1. i.e,

(b) x (© -1

lim f(x)= lim fd—h) = lim@-h)> = lim @ +h?>-2h) =1 i.e.,
x—1" h—0 h—0 h—0

Now find R H.L.atx=1 ie., lim f(x)= Ilm fl+h)y=1 ie,

x—1*"

From (i) and (ii), LH.L.=R.H.L. = Iim1 fx)=1.
X—>

lim f(x)=1
Xx—1"

lim f(x)=1
x—1"

| x -2
m-——=
x—2 X—2
(a) 1 (b) —1 (¢) Does not exist
LHL= fim X220 jjm2=h=2l _ Ny

x—2~ X—=2 h»0 2—-h-2 h—0 —h
and, RHL= lim X=2l _ i 12#h=2l b (i)
x—2t X =2 h—>0 2+h—2 ~ hsoh

2| does not exist.

From (i) and (ii) L.H.L. # R.H.L. i.e. I|m2|

L,When X <3
5-X

If f(x)= , then
5-x, when x >3
(@) lim f(x)=0 () lim f(x)=0 (0
x—3" xX—3"
lim f(x)=5-3=2 and lim f(x)— 2 =1
x—3+ X—3- -3
if0<x<l1
Let the function fbe defined by the equation f(x)= 3%, | _O X ,
5-3x, if 1<x<2
(@ lim f(x)=fQ) (b) lim f(x)=3 () limf(x)=2
x—1 x—1 x—1
LH.L.

= lim f(x)=limfl—h)= lim 3@—h) = lim@3-3h)=3-3.0=3
x—1-0 h—0 h—0 h—0

R.H.L.= Ilim f(x)—llm f(1+h)—||m[5 3(1+h)]—||m(2 3h)=2-3.0=

x—1+0

Hence lim f(x) does not exists.
x—1

lim | X|
x—>0 X

(@ 1 (b) —1 (© o

ucrvone €

lim f(x)= lim f(x)
x—>3* x—3~

then

2

[MP PET 1987]

d 1

(d) None of these

(d) None of these

[SCRA 1996]

(d) lim f(x) does not exist
x—1

[Roorkee 1982; UPSEAT 2001]

(d) Does not exist
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Solution: (d) - lim li' =-1 and lim R}
x—>0- X x—=>0+ X

=1, hence limit does not exists.

2.2.2 Fundamental Theorems on Limits

The following theorems are very useful for evaluation of limits if Iim0 f(x)=1 and Iim0 g(x)=m (I and m are

real numbers) then

(1) lima(f(x) +g(x))=1+m (Sum rule) (2) lima(f(x) —g(x))=1-m (Difference rule)

3) lima(f(x).g(x)) =lm (Product rule) @) iimak f(x) =kl (Constant multiple rule)
f(x) . . .1

(5) im ——~=— m =0 (Quotient rule) (6) If lim f(x) = +o0 or — o, then lim — =0
x—a g(x) m x—a Xx—a f(X)

(7) 1ima log{ f(x)} = log {1ima f(x)} (8) If f(x) < g(x) for all x, then 1ima f(x) < lima g(x)

(9) ImIf(x)]7 = {lim foo}™=""
(10) If p and q are integers, then lim (f(x))*'® = IP'®, provided (I)*'? is a real number.

(1) If )I(ima f(g(x)) = f()l(ima g(x)) = f(m) provided ‘f is continuous at g(x)=m. e.g. )I(ima In[f(x)] = In(l), only if

1>0.
2.2.3 Some Important Expansions

In finding limits, use of expansions of following functions are useful :

— I 2
(1)(1+x)”=1+nx+n(n 1)x2+ ..... (2)aX=1+xloga+%+ .....
2 3 2 3 4
X X X X
e =1+ X+—+—+.... log(l+x)=X——+——-—+.....,| X|<1
(3) TREEY (4) log(1 + x) > "3 T2 | x|
2 3 4
(5) Iog(l—x):—x—%—%—% ........ , Where| x| <1
1 lI @L+x) 1—1+ﬁ
(6)(1+x)X=e>‘og —e 23 .. _ef1- X Myl
2 24
. x® x° x? x* x°
(7)S|nX=X—§+E— ....... (8)COSX=1—;+Z—E+ ......
x® 2x° . x® x°
(9) tanx_x+?+ 1 + . (10) S|nhx_x+5+a+ .....
XZ 4 X6 X3
(11)coshx:1+?+?+a+ ..... (12) tanh x =x —=—+2x° —.....
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3 5
T 2 X 242 X Ay, [ ant
(13) sin x_x+1.—3!+3.1 .—5!+ ..... (14) cos x_(zj sin™ x
x® x> x’
15) tan P x =x - —+— - 4.
(15) 3 5 7

2.2.4 Methods of Evaluation of Limits

We shall divide the problems of evaluation of limits in five categories.

(1) Algebraic limits : Let f(x) be an algebraic function and ‘a’ be a real number. Then lim f(x) is known
X—a

as an algebraic limit.

(i) Direct substitution method : If by direct substitution of the point in the given expression we get a
finite number, then the number obtained is the limit of the given expression.

(i) Factorisation method : In this method, numerator and denominator are factorised. The common
factors are cancelled and the rest outputs the results.

(iii)) Rationalisation method : Rationalisation is followed when we have fractional powers (like %%

etc.) on expressions in numerator or denominator or in both. After rationalisation the terms are factorised
which on cancellation gives the result.

(iv) Based on the form when x — o : In this case expression should be expressed as a function 1/x

. . cpe s 1
and then after removing indeterminate form, (if it is there) replace — by o.
X

Step I : Write down the expression in the form of rational function, i.e., % , if it is not so.
Step II : If k is the highest power of x in numerator and denominator both, then divide each term of

numerator and denominator by x*.

Step I1I : Use the result Iim . 0, wheren > o.

X—0 Y

|Noié : 0 An important result : If m, n are positive integers and a,,b, # 0 are non-zero real numbers,

a .
b—o, ifm=n
_agx™+ax"t+...+a, ,x+a o
then Iim bo - bl — bm_l bm ={0, ifm<n
X X + X+ + X+ .
0 ! n-1 n oo, if m >n
Example: 6 lim (3x? +4x +5) =
x—1
(a) 12 (b) —1 (c) Does not exist (d) None of these
Solution: (a)  lim (3x? +4x +5)=3(1)? +4(1)+5 =12
x—1
x/2_3
Example: 7 The value of lim is [MP PET 2000]
x—2 3%X_-9
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@ o m L © % ) In3
3 6
x/2 x/2
Solution: ()  lim — =% _jim— B =3 1
X—2 (3X/2)2_(3)2 X—>2 (3X/2_3)(3X/2+3) 6
n n
Example: 8 The value of lim x -a is [Rajasthan PET 1989, 92]
x—>a X-—a
@@ o (b) na"? (¢) na" @ 1
n n n-1 n-2 n-1
Solution: (b) lim 2 =2 — Jjim (X " +x At +a ) _ lim(x"?+x"2a+..+a"%) = n.a"?
x—>a X-—a X—>a (x—a) x—a
.1 1 1 N
Example: 9 lim — ——| equals [Rajasthan PET 1987]
h—»0 h|{x+h X
1 1 1 1
= b) - — = d - —
(a) ™ (b) P (©) 7 (d 7
Solution: (d) lim 1[ L —l}— lim = M lim = ! _—h =—i.
h>0h|[x+h x| h>0h| (x+hx | ho0h|(x+h)x x?2
/ 2| 2
Example: 10  The value of Iim0 M is [MP PET 1999]
X—> X
(a) 1 (b) —1 () —2 (d o
\/l—xz—\/1+x2 \/l—x2+\/1+x2
Solution: (b) lim gm0 2,
: 5 =-1.
I e e e (e e
Example: 11 lim equals [UPSEAT 1991]
P i
@ 1 ®) % © % (d) None of these
Solution: (d) lim Xx-3 = lim (x- 3)( —2+v4- X)
x>3x—2 -4 —x x-3 (J_)Z (m)z
- lim (x—3)(\/x—2 +\/4—x) - lim VX-2+4J4-x 1+1 1
x—3 (2x —-6) x—3 2 2 ’
Example: 12 lim ax2+—bx+c
x—o dx“ +ex + f
b c a d
(@ — b - © — @ -
e f d a
Solution: (¢)  Here the expression assumes the form % We note that the highest power of x in both the numerator and

denominator is 2. So we divide each terms in both the numerator and denominator by x?2.

b ¢
ax®ibx+c a+;+x—2 a+0+0 a
lim & EXEC gy - 2
x>0 dx 2 +ex + f xewd+i+j7 d+0+0 d
X x?
Example: 13 lim {\/x +\/X+\/_—\/;:| is equal to
X—>00
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1
(@ o b) >

(¢) log2

Solution: (b) lim {‘/Hi /X_h/—_‘/;} - 1im X+YX+X =X

X—0

Example: 14  The values of constants a and b so that lim

(a) a=0,b=0

. x? +1
Solution: (b) Wehave lim —ax-b|=0 >
x—wo| X+1

(b) a=1b=-1

x2(l—a)-x@+b)+1-b _

\/X+\/;

d e*

\/1+x‘l/2

—ax—bJ:O is
() a=-1,b=1

0

X+1

= lim - lim :%,
X%w\/x+\/x+\/; +/x X%w\/x+\/x+\/; I \/1+\/x_1+x_3/2 +1
X2 +1
X+1

(d a=2b=-1

Since the limit of the given expression is zero, therefore degree of the polynomial in numerator must be less than that
of denominator. As the denominator is a first degree polynomial. So, numerator must be a constant i.e., a zero degree

polynomial. .. 1-a=0and a+b=0 = a=1andb=-1.Hence,a=1andb=-1.

Example: 15 lim x* =

x—1

(a) 1 (b) oo (¢) Not defined

lim x

Solution: (a) lim x* = (Iim x)“l -1t =1

x—1 x—1
Example: 16 lim(@+x)* =

x—1

(a) 2 (b) e (¢) Not defined

Iim(fj

Solution: (a)  lim@+x)!/* = ( lim (1 + x))Hl )

x—1 x—1

.. x3-x2-18 .

Example: 17  The value of the limit of 3 as x tends to 3 is

(@ 3 ) 9 (c) 18

x3-x?-18 2
Solution: (d) Let y=Ilim ——= lim(x“+2x+6)=9+6+6 =21
x—3 X = x—3
3 f—
Example: 18  The value of the limit of (X 5 j) asxtendsto2is
X —
3
(@ 3 () ) (© 1
3 2 2
X~ -8 X 2X +4)(x -2 X 2x +4

Solution: (a) lim 5 = lim (x_ * 2% +4)( ) = lim TXTR _Avard

X—>2 x4 _4 Xx52 (X +2)(x —2) X—2 X + 2 2+2

. X

Example: 19 lim ———— isequal to

x>0 14X —v1-X

1
(a) ) (b) 2 (© 1

Solution: (¢) lim

= lim

x—0 1+x-1+X x—0

) x—a+f3a+x — 24/x
2a 2

® 37 ® 15

equals
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M+ﬂj

X . X
x—>o[,/1+x —\/1—x]:XITO(\/l+x “iox Jiex +i-x
(x V1+X +41-X J: "m[\/1+x ++41-Xx ]:gzl
2

() o

ucrvone €

(d) None of these

(d) None of these

(d) 21

@ o

[Rajasthan PET 1988]

@ o

[IIT 1978; Kurukshetra CEE 1998]

(d) None of these

@g www.studentbro.in



Solution: (b)

Example: 21

Solution: (b)

Example: 22

Solution: (¢)

Example: 23

Solution: (c)

Example: 24

Solution: (b)

Example: 25

Solution: (¢)

Get More Learning Materials Here : &

Functions, Limits, Continuity and Differentiability
lim \/a+2x—\/§ \/a+2x+\/§ \/3a+x+2\/;
X X
x—al 32 + x - 24/x Ja+2x +3x V3a+x +24x
{ J3a+x +24x } 2

lim Y2+ 2X ZV3X va+ 2x —@

X—a4/3a + x —Zf

x—>a 3(Wa+2x ++/3x) 343
99 | 599 |, 99 99
lim +2 +3;00 ML [EAMCET 1994]
n—o n
99 1
a) — —_— c) — —_—
@ 100 ®) 100 © 99 () 101
19 429 43%9 4 +n% o r® 1)t 99 x100 i 1
lim —lim 3 —lim 250 :Ix S A R
n— nt00 S| n—>on 4=\ n 0 100 | 100
. x2 -1 .
The values of constants ‘a’ and ‘b’ so that lim —ax-b|=21s
X—o| X+
(a) a=0,b=0 (b) a=1b=-1 (c) a=1b=-3 (d a=2b=-1
x? -1
lim —ax-b|=2 = limx-1-ax-b=2= I|m xl-a)—-(1+b)=
x—oo| X+1 X—>0

Comparing the coefficient of both sides, 1-a=0 and 1+b=-2 = a=1b=-3

n
lim {Z 3 } [Rajasthan PET 1999, 2002]
n—oo| n

1 1 1 -1
(@ - 5 (b) 5 (©) 3 (d) 3
2+ j
"m{n(n+l)(2n+l)}: lim [ ][
n—o 6n3 n—w 6

p\_’d& : O Students should remember that,

2

1 1
Iim—nz— and lim L0 =—.
n—o n 2 n—w n 3
1 2 .
Ilm{ >+ 5 e F 2} is equal to [IIT 1984; DCE 2000]
n—wol 1-n 1-n 1-n
1 1
@ o (b) ) (© > (d) None of these
2
lim + 2 oo + n = 2n =i li n +n:_l.
n>o1-n2 1-n? 1-n2 naoo]__n2 2 nowx 1_n2 2
If f(x)_ ,g( )_ and h(x)_—M then lim [f(x)+ g(x)+h(x)] is
X2 +x-12 x—3
2
(@ -2 (b) -1 () -7 d o
2 2
We have f(x)+ g(x)+h(x) = X —4>2<+17—4x—2 _X 2—8x +15 _ (x =3)(x —5)
X% +x—12 X4 +x-12  (x=3)(x+4)

(x-=3)(x-5) 2
Jim [£00+ 900 + h0)] = fim 2 —2 -0 ===

ucrvone €
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ni 1/n
If lim {—n} equal

Example: 26 [Kurukshetra CEE 1998]
n—w| n
1 4
@ e ) = © = @ =
€ 4
1/n 1/n
]
Solution: (b) Let P = lim (n_j = P=lim (lzii .......... E]
n—oo\ n" n—-oo\N N N N n
n
~.log P =l lim (Iog 1+Iog g+ ......... +log Ej = logP = lim Z:llogL
N n—o n n n —>o© = n n
1 1
log P:J.Iogxdx ~[xlog x~x]} = (D= P=—.
0
x3+1
Example: 27 If lim > —(@x+b)|=2, then [Karnataka CET 2000]
X—of X7 +1

Solution: (¢)

(a) a=1and b=1 (b) a=1land b=-1 (¢) a=1and b=-2

i [x3(1—a)—bx2—ax +(L-b)

X—>0

(d a=land b=2
. x3 +1
lim 5

x—ool X +1

Comparing the coefficients of both sides, 1-a=0 and -b=2 ora=1,b=-2.

—(ax+b)]:2:> j:z = lim [x31-a)-bx? —ax+ (@1 -b)]=2(x2 +1).

x2 +1

10 10 10

Example: 28 lim () +(c+ i)) * T + (x+100) is equal to [AMU 2000]

X—>0 X +10

(a) o ) 1 (¢) 10 (d) 100

10 10 10
0 10 0 xl{(h—j +[1+gj +...+[1+@j 1
X

Solution: () fim X AT b 1 CHI00) L — 100

X —»00 X2 +10 X —>0 10 1 1010

X + a0
Example: 29 Let f(x)=4 and f'(x)=4, then Iimzw equals [Rajasthan 2000; AIEEE
X— -

2002]

(@ 2 (b) -2 © -4 @ 3
Solution: (¢) y = lim xf(2) — 2f(x) ~y = lim xf(2)—2f(2)+ 2f(2) - 2f(x)

x—2 X—-2 x—2 X—-2
Ly = lim 2f00+2fQ)+ X @) -21Q) Ly = i =@ 1@)x-2)
x—2 x-2) x—2 X—2 x=2 (X-2)
=y =2 1lim 10=T@ 40 = y=-2lim f(x)+f2)=-8+4=—4.
x—>2 X-—2 X—2

(2) Trigonometric limits : To evaluate trigonometric limits the following results are very important.

. . sinx . X
@D lim—==1=lim —
x—0 X x—0 SIN X
i1
veer . SINTTX .
(i) lim =1=Ilim —
x—0 X x—0 SIn~ X
H 0
. sinx pid
(v) lim =—
x=>0 X 180
e . SIN(X —2&
(vii) lim g =1
X—a X—a
(ix) limsin?x=sin"a|al <1
X—a

Get More Learning Materials Here: &

ey . tanx . X
(i) lim —==1=Iim
x—=0 X x—=0 tan X
. . tan'x .
@iv) lim =1 =Iim 1l
x—0 X x=0 tan - X
(vi) limcosx =1
x—0
. tan(x —a
(viii) lim fan(x ) =1
X—a X—a
(x) limcos™x=cosa;|al <1

X—a

ucrvone €
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o N N .. . SINX . COSX
(xi) limtantx=tan'a; —o<a<w (xii) lim =—= = lim =0
x—a x—0 X x—o X
. sin(l/x
(xiii) lim M =1
X —00 (1 / X)
Example: 30 Iiml(l —X)tan [%) = [IIT 1978, 84; Rajasthan PET 1997, 2001; UPSEAT 2003]
X—>.
2
@ = b = © = @ o
2 V4
Solution: (¢) Iiml(l— x)tan(%], Put 1-x=y=as x—>1y—>0
X—
— . 2
Thus limy tan w = lim E— —Exl =£.
0 0 7 z
y—> y—=>0 71 tan ﬂ
2
Example: 31 "m.1£:9§ﬁﬂi:il [IIT 1998; UPSEAT 2001]

Solution: (d)

Example: 32

Solution: (a)

Example: 33

Solution: (a)

Example: 34

Solution: (c)

x—1 x-1
(a) Exists and it equal J2

(b) Exists and it equals — \/E

(¢) Does not exist because x -1 —0

(d) Does not exist because left hand limit is not equal to right hand limit
v1-cos 2h _lim 2 m;h 2

f@d+) = lim f@+h) = = lim
( ) h—>0( ) h—0 h h—0

f1-) = lim f(1—h) = fim Y2290SC2 _ i sinh _
h—0 h—0 —h h—0 —h

.. limit does not exist because left hand limit is not equal to right hand limit.

(1—cos 2x) sin5x

lim > [MP PET 2000; UPSEAT 2000; Karmataka CET 2002]
x—0 X“ sin 3x

10 3 6
a) — b) — c) — d =
(a) 3 (b) 10 (©) c (d
_2sin®x sin5x 3x 5x __2sin®x  3x  sin5x 5x 5 10
lim — - = lim L= . — = 2.—=—.
x>0 X sin3x 3x 5x x—0  x2 sin3x  5x  3x 3 3
. x3
lim — =
x—0 sin X

1

(@ o b)) = (© 3 @ =

oxd %2 o x? :
lim 5 = lim > - X = lim — 5 limx| =1.0=o0.
x—0 sin X x—0 sin X x—0 sin X x—0

. sin3x +sinx
lim ———— =
x—0 X
1 1
(@ = (b) 3 © 4 @ —
3 4
. sin3x +sin x . sin3x . sinx . sin3x . sinx
lim ——— = lim + lim = lim B+ lim—— =13+1 =4.
x—0 X x—=0 X x>0 X x—0 3X x—=0 X
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1
xsin—, x=#0
X

Example: 35 If f(x)= , then lim f(x)= [IIT 1988; UPSEAT 1988; SCRA 1996]
0 X =0 x—0
(a) 1 Md) o (¢) —1 (d) None of these
Solution: (b) Iirrg) X sin(lj = ( Iirrz) xj ( Iirrz) sin l} = 0 x (A number oscillating between — 1 and 1) = 0.
X—> X X X X
sin[x] [X] £ 0
Example: 36 If f(x)=1 [x] ' , then lim f(x) equals [IIT 1985; Rajasthan PET 1995]
0 , [x]=0 x—0
(a) 1 (b) o (¢) —1 (d) Does not exist

Solution: (d) Inclosed interval of x =0 at right hand side [x] =0 and at left hand side [x]=-1. Also [0] =0.

. sl i <x<0)
Therefore function is defined as f(x)=1 [x] '
0 , 0<x<1)

. Left hand limit = fim f(x)= lim SnX]_SINCD _ gy qe

x—0— x=0- [X] -1
Right hand limit = 0, Hence, limit doesn’t exist.
Example: 37 Iin% w [IIT 1974; Rajasthan PET 2000]
X—> X
1 1 2
(@ = b)) -= ) = (d) None of these
2 2 3
. ) . sinx| 2sin? = ) sin2 X
. . tanx-sinx . sinXx-—sinxcosx . 2 .| sinx 2 2 1 1
Solution: (a) lim ————— = lim = lim 3 = lim . . ===
x—0 x3 x—0 X3 cos x x—0 x3 cos x x=0 X COSX (y)\2 4 2
3
i X—2
Example: 38 If f(x):M, then lim f(x) is given by
log(x —1) X—>2
(@ -2 () -1 (¢) o (d 1
H X—2 H t
. . . -1 . -1 .
Solution: (d) lim f(x) = lim sin(e ) = lim sin(e ). (Puttingx=2+1)
X2 x>2  log(t+1) t>0 log(t+1)
st t St
~ iim sm(te 1 e 1'| t :tl.osm(te 1)[%+%+ ..... j . 11
xow el-1  t logll+t) 0 e -1 (1 2 e P
2 3
t —
—111=1 [ Ast0e 150, 3 "D _y,
e -1
aCOtX _ a'COSX
Example: 39 lim —m8M = [Kerala (Engg.) 2001]
x—7/2 COt X — COS X
(a) loga (b) log2 (© a (d) logx
CotXx _ ,COSX COtX—CosX _
Solution: (a) lim [2——2  |_ jim a®sX aa -l
x—z/2| cot X — oS X x—>7/2 cot X — cos X
cot Xx—Ccos X _
=a%%='2 |im (a—lj =lloga=loga.
x—>z/2| cot X —coS X
sinx cosx tanx ¢
Example: g0 If f(x)= x3 x?2 X |,then lim f) is [Karnataka CET 2002]
2x 1 1 X0 x?
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Solution: (d)

Example: 41

Solution: (d)

Example: 42

Solution: (c)

Example: 43

Solution: (d)

Functions, Limits, Continuity and Differentiability

(&) 3 (b) -1 () o d 1
f(x) = x(x —1)sin x —(x3 - 2x2)cos X — x° tan x
= x2sinx —x3 cos x — x3 tan x + 2x2 cos X — X sinx
Hence, lim L)z(): lim (sinx—xcosx—xtanx+2cosx—ﬂ] =0-0-0+2-1=1.
x—0 x x—0 X
.3 2 _
If f(x)=cot! 3x-x and g(x)=cos * 1-x , then lim M, 0 <a<l is [Orissa JEE 2003]
1-3x2 1+x2 x—a g(x)— g(a) 2
3 3 3 3
2 (b) — (0 = d -=
21 +a%) 2+ x°) 2 2
.3 2
f(x)=cot 3x XZ and g(x)=cos ! ! Xz
1-3x 1+x
Put x =tan @ in both equation
03
f(6) = cot w = cot *{tan 36}
1-3tan“ @
() = cot cot(% - 39] = % -30=f@=-3 L. o)
)
and g(0) = cos ! W =cos l(cos20)=20 = g'®)=2 .. (i)
l+tan“ @
Now i H0-10 )y (M0 T) Ly L adl 8
x—al g(xX)—g(@) x—al X-—a lim g(x)—g(a) g'(x) 2 2
X—a X—a
{1 —tan (;ﬂ [1 -sinx]
lim is [AIEEE 2003]
T
=y {1 + tan()z(ﬂ[n —2x]®
1 1
= b) o — d) «
(a) 5 (b) (©) ™ (d
T X .
tan| ——— |(L -
_ [4 2]( sin x)
lim
ot -2
-y 2
tan[T](l—cos y) —tan Y 2sin2 Y | tan Y lsinY 1
Letx=£+y,theny—>0 = lim = lim 2 _ lim = 2 2 ——
2 y—0 (-2y)® y—0 -8)y? y—>032 (y y 32
2 2
If lim [@—mnx - ';an X]sinnx = 0, where n is non-zero real number, then a is equal to
x—0 X
@ o b 2 © n @ n+l
lim n SN X . Iim((a—n)n— tanx]zo = n[(a—n)n—l]:O:(a—n)n:l:a:nJrl.
Xx—0 nx x—0 n

(3) Logarithmic limits : To evaluate the logarithmic limits we use following formulae
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80_4Functi9n_s, Limits, Continuity and

2 3

(1) log +x)=x— X? + X? — e too where -1 < x <1 and expansion is true only if base is e.
..~ . logl ceen 1
(i1) Ilim log( +x) =1 (iii) lim log, x =1
x—0 X X—e
. - . log.@+x
(iv) |Imwz—l (v) lim M:Iogae,a>0,¢l
Xx—0 X x—0 X
Example: 44 lim loge (L +2h) — 2loge (L + h) [IIT Screening 1997]
h—s0 h2
(a) —1 (b) 1 (¢) 2 (d) —2
2 3 2 3
om0 @t
Solution: () fim 129e0+20) 2100, A +1) _;r, :
h—0 h x—-a h
2, op3 2
e e A L TR T LI G s et S T S N G
h—0 h2 h—0 h2 h—0
Example: 45 lim log{1+(x ~a)} =
x—a (x—a)
(a) —1 (b) 2 (©) 1 (d —2
Solution: (¢) Letx —a=y,when x —->a, y —>0,
The given limit = lim log{1+y} _ 1.
y—0 y
Example: 46 lim 10930 +h) _
h—0 h
(a) 1 (b) logyg e (¢) log, 10 (d) None of these
. . loge(L+h 1
Solution: (b) r!l—rﬂ) ge; ) l0g, 10 =logqp € .
Example: 47 If Iim0 log(3 + X); log(3 —x) =k, then the value of k is [AIEEE 2003]
X—>
1 2 2
b) -= £ H -<
(@ o (b) 3 (©) 3 (d 3
3+X 1+(x/3)
log(3 log(3 log 3 log 1 /3
Solution: (c) lim 0g(3 + x) ~ log(3 = x) = lim “X) _ im —(x/3)
x—0 X x—0 X x—0 X
im log(1+(x/3)) lim log(1 - (x/3)) :l_(_lj _2
x—0 X x—0 X 3 3 3
(4) Exponential limits :
2 .3
(i) Based on series expansion : We use e* =1+x + o1 + 3 ER o
To evaluate the exponential limits we use the following results —
X _ X _ X
@ fim & =11 b) lim &=L _1og, a ©Iim&=t_1 (120
x—0 x—0 X x—0

(i) Based on the form 1*: To evaluate the exponential form 1* we use the following results.
p g
()
lim ——=
(@) If lim f(x) = lim g(x) =0, then lim {1 + f(x)}!/9®) =ex>29() = or
X—a X—a X—a
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Functions, Limits, Continuity and Differentiability
. : lim (f(x)-1)g(x)
when lim f(x)=1 and lim g(x) = . Then lim{f(x)}%% = lim [1 + f(x) - 1]9®) = ex~a
X—a X—a X—a X—a

(b) Iim0(1+x)l/" —e (¢) lim (1+%jx —e (@ Iim0(1+/1x)1” —e* (e) lim (1+%)X —e?

X—>0 X—>0

Jfa>1 . . .
Ndcztl lim a* = oo_ le,a”=w,ifa>land a” =01ifa<1.
X —>00 0,ifa<l

eax _eﬁx
Example: 48 lim —— = [MP PET 1994]
x—0 X
1
@ a+p ®) =+p © ao-p @ a-p
ox _ o X X _1y_(aBX _ ax _ A
Solution: ()  fim & =" _ jim €T =D-C7 - _ T2l el g
x—0 X Xx—0 X x—0 X x—0 X
e —1+X).
Example: 49 The value of lim — s [Karnataka CET 1995]
x—0 X
1 1
(@ o b)) = (e 1 @ =
2 4
(1 2 ) (1 ) Xz[ 1 X . XZ j
XA ... —@A+x PY RIS
Solution: (b) lim e’ ~(L+x) li = lim 2! 8t 4 = 1 :l.
x—0 x2 x—0 x2 x—0 x2 2! 2
X —
Example: 50 lim _a -t is equal to
x=0 J1+x -1
(a) 2log, a () %Ioge a () alog, 2 (d) None of these
Solution: (a) lim a1 =i a1 X+ im @ -Hii+rx+1 = lim a’ -1 .(\/1+x +1)
x50 A1+X =1 x504/1+x =1 J1+x +1 x—0 1+x-1 x—0| X
X —
_ [nm a l},(lim Noww +1)j = (log, @).(2) = 2log, a.
x—>0 X x—0
X +3 X+2
Example: 51 The value of Iim[ J is [UPSEAT 2003]
x—o\ X +1
(@) e* M) o (© 1 @ e?
1+%
2. A
x+2 X )2 XL 2 |imK1+3j / (1+3H
Solution: (d) Iim[x+3j = lim (1+ 2 JZ D im [1+L] 2 Xz MLl X *1=e2,
x—o\ X +1 X—>o0 X+1 X—>0) X+1

1+—
o , ) lim 2| —X
+ X+ . X—>0
. ; X + 3 A 2 lim —(x+2) 1+=
Alternative method : lim ( j = lim [1 + j = gxowx+l =e x) = g?

X—o\ X + X x+1
c+dx
Example: 52 Ifa, b, ¢, d are positive, then XIiLn (l + b J [EAMCET 1992]
(a) ed/b (b) eC/a (C) e(Cer)/(":ler) (d) e
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c+dx a+bx | c+dx a-+hx
Solution: (a) lim |1+ ! = lim {1+ ! atbx = ¢4/6 ). fim |14 ! =e and lim oo :9}
a+bx X—>0 a+bx X—0 a+bx x—>woa+bx b

X—00

ol )]
Alternative method : ¢*>=\ /L 1 J —gd/b

Example: 53 Iim0 x* = [Roorkee 1987]
X—>
(a) o b) 1 (c) e (d) None of these
Solution: (b) Let y=x* = logy = xlogx; .. limlogy = lim xlogx =0 =logl = lim x* =1
y—0 x—0 x—0

@+x)t* —e +%ex

Example: 54 The value of lim 5 is [DCE 2001]
x—0 X
1le -11le e
a) — b) — c) — d) None of these
(a) ” (b) -1 (©) >4 (d)
l[x xz_*_x3 ) 2 X x2
—log@+x) T, T 1-———.... —
Solution: (a)  (L+x)!/* =ex —e 2 3 =e 2 3 =ee 2
X X2 1 x x? ? x 11
=e|l+|-—=—4+——... e o =ell-S 4= xZ— .
3 210 2 3 2 24
1/x 28
_ @L+x)y"" —e o lle
lim =—
x—0 x 2 24
1/x _
Example: 55 Iim0 @+x) equals [UPSEAT 2001]
X—>
(@) /2 Md o (c) 2/e (d —-e/2
1 1 l[x x2+>(3 X4+ ] [1 erx2 x3+ ] [ erx2 x3+ ]
) I R S e 273 4 23 4
Solution: (d) (@ +x)*x =eX =e” 2 8 —el 2030 —eel 23 1
k) (e Y u
= 3 4 23 4 7 _{e_% e }
ell+ o + T + 2 24
1/ % -e
lim @+x) € lim 2 24 = lim _£ Ex =——
x—0 X X—0 X x—0\ 2 24
X m
Example: 56 lim (COS F] = [AMU 2001]
m-—o0o
(a) o b) e () 1/e @ 1
x \" X m X m
Solution: (d) lim (cos —] = lim {14{005 ——1]} = lim {1 —(— cos — +1ﬂ
m—w m m-—» m m-—o m
2
) sinm X
o T |im—(25inzijm AL [m}n 2 1imX”
= lim {1—23in2 —} =" mJ—g 2m =e mowdm =0 o1,
m-—oo 2m
n?-n+1 ne
Example: 57 lim [Z—J = [AMU 2002]
n—wo{ N —-n-1
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Functions, Limits, Continuity and Differentiability

(@ e (b) e? () et d) 1

1 n(n-1)
2_ n(n-1) _ n(n-1) [14— - j
Solution: (b)  lim| = ~"*1 = lim (MJ C im0 e 2
n“-n-1 Nn—o0

n—oo| n2 nn-1)-1 naoo[ 1 J”(”—l) Tl
1

- n(n—1)
2 n(n-1) Jim 2;"(”*1)
Alternative Method: Iim(1+ > = e n’-n-1 — g2
n—w n“-n-1

(5) L’ Hospital’s rule : If f(x) and g(x) be two functions of x such that
@A) lim f(x)= lim g(x)=0

X—a X—a
(ii) Both are continuous at x = a

(iii) Both are differentiable at x =a.

(iv) f'(x) and g'(x) are continuous at the point x =a, then lim %: lim % provided that g'(@) =0
x—a g(X) x—a X

Nolt : 3 The above rule is also applicable if lim f(x) =« and lim g(x) = .

a If lim ) assumes the indeterminate form % or 2 and f'(x),g'(x) satisfy all the condition
e 0]

x—a g'(x)
embodied in I’ Hospital rule, we can repeat the application of this rule on m to get, lim %
x—a g (X
= lim fHEX; . Sometimes it may be necessary to repeat this process a number of times till our goal
x—a g (X

of evaluating limit is achieved.

. 1-cos mx

Example: 58 lim ——— = [Kerala (Engg.) 2002]

x—0 1—c0s nx

m? n?
(@) m/n () n/m () — d —
2 2
n m
2
2sin2 X sin™ L, 2 2
. . 1-cos mx . . mx 1 4 m m

Solution: (¢) lim = lim = lim 2 . 55 =—2><1=—2

x>0 1—-cosnx x—0 2sin2 nx: x—0 mx 4 sinﬂ n°x n n

2 2
nx
Trick : Apply L-Hospital rule
1 - cos mx . msinmx _m?cosmx m?
= lim — = lim ———=—-.
x>0 1—-cosnNXx  x—0 nsinnx x>0 n2cosnx  n?
. . .. (cosx—1)(cos x —e*) . . .
Example: 59 The integer n for which lim ( ) (n ) is a finite non-zero number is [IIT Screening 2002]
x—0 X
(@ 1 (®) 2 (© 3 @ 4
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Solution: (¢)

Example: 60

Solution: (¢)

Example: 61

Solution: (a)

Example: 62

Solution: (d)

Example: 63

Solution: (a)

Example: 64

Solution: (d)

n cannot be negative integer for then the limit =0

.o X
2sin? =

X X
Limit = lim — 2 e —cosx 1 lim £ =605 X (n =1 for then the limit = 0)
x=0 22(x /2> x"72 2x50 x"2
X
21 lim £ SN X So,if n=3, thelimit is which is finite. If n = 4, the limit is infinite.
2 x>0 (n— 2)xn’3 2(n-2)
1
. , @+ x) | x .
Let f:R — R besuchthat f(1)=3 and f'(1)=6. Then Ilrrg) W equals [IIT Screening 2002]
X—>
(@) 1 (b) el/2 () e? @ e
1 1 Cf@+x)/ f1+x) Q)
lim M - e*lir‘]’;[logf(lﬂ)ilogf(l)] = xli% 1 —ef) —gb/3 _¢2,
x—0 f(l)
lim sma-cosa [IIT Screening 1997; AMU 1997]
a-nld a-rxl4
(@ V2 ) 1/42 © 1 (d) None of these
. sina—-cosa T cos o +Sina s .
aIJmA m (6 form) = a_llr;]/‘lf (By L HOSplta] I‘ule)
1 1 2
= —t—— == \/E .
V2 V2 2
_x%-ad
lim 5 =
Xx—a X° —a
(a) o (b) Not defined (¢) 2a (@ 3_2a
3.3 2 2
m X% (0gom) — im 2 Byl Hospital rule) - 32— 32
XI|L'na NEREPY: (0 form) = XILma o (By ‘L’ Hospital rule) = 22"
lim M = [Roorkee 1983]
h—0 h
(a) 1/ 24x ) 1/ 2vh (c) Zero (d) None of these
lim Vx+h =% = lim \/x+h—\/;X\/x+h+\/;= lim (x+h)—x = lim h _ 1
h—0 h h—0 h YX+h+4/x  hs0h@x+h+4/x)  h=s0hWx+h+4Jx)  2Jx
Trick : Applying ‘L’ Hospital’s rule, [Differentiating Nr and Dr with respect to h]
1,
We get, lim 2x+h - .
h—0 1 2%
. S
lim w [MP PET 2001]
a=>f ot -p
sin sin 2
@ o ®) 1 © N @ 28
B 2B
.2 .2 . . . . . -
lim SN c:—sn; B _ lim sin(a + B)sin(a - B) _ lim sin(e — B) lim sinfa + B) _ lim sinfe+pB) _sin2p )
a—f a®-p a-p—0 (a+ ﬂ) (x 7,3) a-p—0 (a— ,3) a-p—0 (a+ ﬂ) a=p (a+ ﬂ) 28

Trick : By L’ Hospital’s rule, lim 2sinacosa _ sin2f .
asp  2a 28
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Example: 65

Solution: (¢)

Example: 66

Solution: (d)

Example: 67

Solution: (c)

Example: 68

Solution: (a)

Example: 69

Solution: (c)

Functions, Limits, Continuity and Differentiability

lim M equals [1IT 1971]
x—0 3X —sinXx
(a) 2/3 (b) 1/3 (c) 1/2 d o
2 tan 2x 1
lim 802X =X ol 2x [ 1
x=0 3X —sSin X x—0 3_SInX 2
X
If G(x) = —v25 —x2 , then lim =60 ¢quals 11T 19831
x-»1  x-1
(a) 1/24 ® 1/5 () —v24 (d) None of these
_ _for 2
lim G=6A) _ lim 25-x% +324 [Multiply both numerator and denominator by (+/24 +41/25 —x2 )]
x—1 Xx-1 x—1 Xx-1
x+1 1

=lim ——- - =
X1 24 4425 -x2 V24
. , . . o —1(=2x) 1
Alternative method: By L'-Hospital rule, I|m1 =lim =
X!

=15 —x2 24

G'(x)

If f(a)=2, (@) =1 g(a) =1 g'(a) = 2, then lim 3X@=9@T) .01

X—a X—a
[IIT 1983; Rajasthan PET 1990; MP PET 1995; DCE 1999; Karnataka CET 1999, 2003]
1 1
(@ -3 b - © 3 d -
3 3
Applying L — Hospital's rule, we get, lim 900 f@=g@ () _ i, 9 (&)= (@) Fx)
x—a X—a Xx—a 1
=g@f@-g@f@=2x2-1x@1)=3.
n p—
lim M = [Kurukshetra CEE 2002]
x—0 X
(@ n b) 1 () —1 (d) None of these
lim @ +nx +“C2x2+ ...... higher pow ers of x to x")—1
x—0 X
Trick : Apply L- Hospital rule.
lim w is equal to [Roorkee 1995]
x—0 X
1 1
(a) o () 5 () - 5 (d) None of these
sin x !
COS X — ——— - - 2
Apply L- Hospital rule, we get, lim =X — lim a-x7 __1
x—0 2X x—0 2 2

. . sinx +log(1-—x .
Alternative method : lim o ) = lim
x—0 X2 x—0 X x—0 X

3 5 2 3
-.-sinx:x—X—+X—— ...... and Iog(l—x):—x—x——x— ........
3! 5! 2 3
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-x2 41 1) x*
N
Hence, lim — =——.
Xx—0 X 2
X —
Example: 70 lim wzg(lﬂ() equals [Rajasthan PET 1996]
x—0 X
2 1 1 3
a) — b) = c) — d —
(a) 3 (b) 3 (©) 5 (d) 5
X —
Solution: (d) Let y = lim wg(lﬂ() [9 formj
x—0 X
e +xe*-—— 0
Applying L-Hospital's rule, y = lim —— 1+X [— formj
x—0 2X 0

= lim l[1+1+O+1]:E
2 2

.1
y=lim=|e*+e*+xe* +
x—0 2 x—0

@+ x)2

sint x —tan ! x

Example: 71 lim ———— is equal to [Rajasthan PET 2000]
x—0 X
1
(@ o () 1 (@ -1 (d 5
P
Solution: (d) lim Sin “x-tan “x (gform)
x—0 x3 0
Applying L-Hospital’s rule,
11
_y2 1+x?
= lim y-x® PR [9 formj
x—0 3X 2 0
-1 —2X 2X
—x +
2 1-x%)%2 @+x®»? 1 1 2 1
= lim = lim = + =—.
x—0 6x x>06|(1-x2)%2 @+x?)?| 2
Example: 72 lim 1+Iog—x—;( = [Karnataka CET 2000]
X—=>11-2X+X
1
(@) 1 (b) -1 (© o @ -3
1
. 1+logx—x . ! i 1-x
Solution: (d)  Applying L-Hospital’s rule, lim = lim X = lim ————
x-1 1-2x+x2 x>l —2+2x x>l 2x(x—1)
Again applying L-Hospital’s rule, we get lim -t 1
x>14X -2 2
4X _ 9)(
Example: 73 lim ————= [EAMCET 2002]
x>0 x(4% +9%)
2 1 3 1 3 3
log| = b) —log| — —log| — d) log|—=
(@ 9(3] ) 7 g[zj © 3 g(ZJ ) g(zj
X _gX
Solution: (a) y = lim 4 -9 (9 formj
x>0 x(4% +9%) 0

X _oX _
Using L-Hospital’s rule, y = lim 47 log4-9" log9 =>y= log4 —log9 S>y=—7 .
x=0 (4% +9%)+ x(4% log 4 + 9% log 9) 2 2 3
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Example: 74

(@ 1 () 6
Solution: (a) lim %;(x)g(a) [% formJ

If f@=2, f@=1, g(@=-3, g'@@=-1, then lim

Functions, Limits, Continuity and Differentiability

f@)g(x) - f(x)9(@@) _
X-a

() -5

X—a

[Karnataka CET 2003]

d -1

Using L-Hospital’s rule, fim 1@9C) =00 _ ¢ o)~ f1a)x g@) = 2 x (1)~ 1x (-3) =1.

1-0
. 2—~x-=-3 .
Example: 75  Thevalue of lim ——— is
X7 x°—-49
2 2 1
a) — b) -— c) —
(a) 5 (b) 29 (©) =
__ 1
. . o1 . 2Jx =3 -1 -1 -1
Solution: (d Applying L-Hospital’s rule, lim = lim = =—.
@ PpIng P X7 2x x>7 4xy/x —3  4.77-3 56
Example: 76 Let f(@)=g@=k and their n'" derivatives f"(a),g"(@) exist and are
lim f@)9() - f(a) - 9(@) f(x)+ g(a) = 4, then the value of k is
Xx—a g(x)— f(x)
(a) 4 (b) 2 (€ 1
Solution: (a) m M =4
wa g(x)— 1(x)
By L-Hospital’ rule, lim k 909 =fx) k=4.
x—a | g'(x)—f'(x)
XZ
I sec? tdt
Example: 77 The value of lim | 20— is
x—0 X sin x
(@ 3 () 2 (@ 1
XZ
i.[ sec” ot sec? x2.2x
Solution: (c) lim dx Jo = - . (By L' —Hospital's rule)
x—0 - x—0 Sin X + X €oS X
—(x sin x)
dx
. 2sec? x?2 2x1
= lim - = =
x—0 [sm X ) 1+1
+ €OS X
X
Example: 78 lim {M:‘
x—716 6X — 7
1
@ V3 b) = © -+3
J3
3 1
3¢os x + /3 sin B 3'7+‘/§'§

Solution: (b)  Using L-Hospital’s rule, lim

Xx—7l6 6
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ucrvone €

[MP PET 2003]

(d) "o

not equal for some n. If

[AIEEE 2003]
@ o
[AIEEE 2003]
d o
[EAMCET 2003]
1
d ——
(d i
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Example: 79

Solution: (d)

2
Given that f'(2)=6 and f'(l)=4,then lim fh+2+h")-1@2) _

h—>0 f(h—h? +1)- (1)
(a) Does not exist b -=

2 © 3

. feh+2+h%)-(2) i f'h+2+h?)(2+2h) 6x2
h-0 f(h—h?+1)-f1) h-0 f(h-h?+1)L-2h) 4x1

Get More Learning Materials Here : & m

[IIT Screening 2003]

d 3

@g www.studentbro.in



	(1) Algebraic limits : Let  be an algebraic function and ‘a’ be a real number. Then  is known as an algebraic limit.
	(a)   (b)  (c)   (d)
	(2) Trigonometric limits : To evaluate trigonometric limits the following results are very important.
	(4) Exponential limits :
	(i) Based on series expansion : We use
	To evaluate the exponential limits we use the following results –
	(ii) Based on the form 1( :  To evaluate the exponential form  we use the following results.
	(b)     (c)       (d)       (e)
	Example: 48                      [MP PET 1994]
	(a)    (b)  (c)  (d)
	Solution: (d)  = = .
	Example: 49 The value of is              [Karnataka CET 1995]
	(a) 0   (b)  (c) 1 (d)
	Solution: (b)  = =  = .
	Example: 50  is equal to
	(a)    (b)  (c)  (d) None of these
	Solution: (a)      =  =
	=  =  =.
	Example: 52 If a, b, c, d are positive, then         [EAMCET 1992]
	(a)  (b)  (c)  (d) e
	Solution: (a) =   and
	Example: 53        [Roorkee 1987]
	(5) L’ Hospital’s rule : If  and  be two functions of x such that
	(i)
	(ii) Both are continuous at
	(iii) Both are differentiable at .
	(iv)  and  are continuous at the point , then  provided that
	Solution: (a)  =  (By ‘L’ Hospital rule)
	= .
	Example: 62
	(a) 0   (b) Not defined  (c) 2a (d)
	Solution: (d)         =      (By ‘L’ Hospital rule) = .
	Example: 63          [Roorkee 1983]
	(a)    (b)  (c) Zero (d)  None of these
	Solution: (a)   =  =  =  =
	Trick  :  Applying ‘L’ Hospital’s rule, [Differentiating Nr and Dr with respect to h]
	We get, .
	Example: 64                    [MP PET 2001]
	(a) 0 (b) 1 (c)  (d)
	Solution: (d) == =  =.

